Abstract
It is well-known that a simple linear system under relay feedback as (1)-(2) can show several interesting phenomena. Some of them can be analyzed with frequency methods 14, 131. However, more complicated behaviors such as sliding modes must be treated with other mathematical tools [6, 7, 141 . There exist trajectories having arbitrarily fast relay switches even if an exact sliding mode is not part of the trajectory. It was shown in [9] that a necessary and sufficient condition for this is that the first non-vanishing Markov parameter is positive. In the same paper, it was shown through simulations that this type of chattering can be part of a stable limit cycle. The main contribution of this paper is t o give conditions for existence and stability of such a limit cycle. The paper is organized as follows. Sliding modes are recalled in Section 2. Section 3 gives a result on approximation of chattering by sliding modes.
In Section 4 this result is used to show existence and stability of limit cycles with chattering. Stability conditions for limit cycles with regular sliding modes are also shown. Conclusions are given in Section 5 . All proofs of results in this paper are given in [8] .
SIiding Modes
We follow the terminology of [7, 101 and define the first-order (or regular) sliding set as SI = { x : c x = O} = s and, for systems with C B = 0, the second-order sIiding set as S2 = { x : C X = C A x = 0).
Trajectories of (1)-(2) in these sets are defined in the sense of Filippov, i.e., they are defined as solutions satisfying almost everywhere a differential inclusion corresponding to (1)-(2), see [6] . A firstorder sliding mode is defined as this motion on SI 
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and a second-order sliding mode the motion on &.
Higher-order sliding modes can be defined similarly.
It is, however, shown in [9] that a system '(1)-(2) with pole excess greater than two do not have any solutions converging to higher-order sliding sets. Therefore, these systems are not discussed further. B1, C ) and CZ = (A, Bz, C ) represent the state-space system (1) with parameterizations given by -a2 ueq = -x2 and 1 I ueq I 1 that the sliding mode occurs only for 1x21 < :
1.
The sliding mode for C2 can be derived similarly. It is given by X I = x2 : = 0 and the solution of w = F~w , where w = ( x~) ; =~ and
Note that C1 and Z2 are normalized such that C B = 1 and C A B = 1, respectively. For the system (1)-(2) a first-order sliding mode only exists if C B > 0 and a second-order sliding mode only if C B = 0 and C A B > 0, so for X 1 there exists a first-order sliding mode while for C2 there exists a secondorder sliding mode. For systems with pole excess two, the initial data giving a sliding mode lie in a set with lower dimension than for systems with pole excess one. This means basically that an exact second-order sliding will never occur. Still there can exist trajectories with arbitrarily fast relay switches which wind around the sliding mode. We call this phenomenon chattering and it is analyzed in next section.
There are several ways to derive a sliding mode. For a general non-smooth system they do not necessarily agree, though they do so for linear systems under relay feedback [6] . A convenient way t o derive the sliding modes is to replace U in (1) by an equivalent control ueq E [-1,1] that impose restrictions on y and the derivatives of y, see [14] . For C1 the equivalent control is ueq = -CAx/CB = -x2, since XI = 0 for the first-order sliding mode. This gives the firstorder sliding mode for Z 1 as x1 = 0 together with the solution t o w = F l w , where w = (xi):z2 and The sliding mode is thus stable if and only if the zeros of Z1 are in the left half-plane. It follows from Second-order sliding mode occurs only for 1x31 < 1.
Chattering
It was mentioned in previous section that an exact sliding mode will not occur for systems with pole excess two due to that S2 is of lower dimension. Still arbitrarily fast relay switches can occur, which we call chattering. For the parameterization given by C2 the chattering variables are x1 and x2, while xg, ... , x n are smooth variables. "Chattering" discussed here should not be mixed up with fast relay switches occurring in systems with relay imperfections such as' hysteresis. The system description here is exact and the chattering can be described as a part of a trajectory close to trajectories in 5 2 , which has an unbounded number of switches on any open time interval.
A trajectory for E2 under relay feedback starting at a point x(0) with q ( 0 ) = 0, 1x3(0)1 < 1, and ~( 0 ) sufficiently small will wind around the set S2. This follows from Theorem 1 given next, which states an exact first-order approximation for the amplitude of this chattering. A necessary and sufficient condition for the stability of the chattering is also obtained.
THEOREM 1
Consider Cz with order n 2 3 under relay feedback
is small, and jxg(t)l < 1 for t E [O,T] . Let the switch times be denoted by The following result is a formula for the number of switches on a chattering trajectory.
THEOREM 2
Given the assumptions in As 1x31 approaches one it follows from (6) that the interval between switches increases again. Note that (5) and (6) are not proved for 1x3 ( t ) I -+ 1 and that they are singular for 1x3(0)1 = 1. This will be subject to further research. 
Stability of Limit Cycles
First-order sliding modes and chattering can be part of stable limit cycles. Necessary and sufficient conditions for local stability of these limit cycles are given in this section. We start by defining a limit cycle. Let @ ( t , x o ) denote a trajectory of (1)- (2) Figure ' 2 The variables defining the map 2, which consists of one smooth and one sliding mode part.
Limit cycles with first-order sliding modes Simulated limit cycles where part of the trajectory is a first-order sliding mode are given in [9, 151. Stability and existence of these limit cycles can be straightforwardly analyzed by studying a Poincar6 map consisting of a smooth part and a sliding mode part. Here we do this and derive its Jacobian. The conditions on xD, xl, and x2 imposed by their definitions can be wed to come up with candidate limit cycles and possible times tsl and tsm, see 
Limit cycles with chattering
Next we show that limit cycles with chattering can be analyzed similair to limit cycles with first-order sliding modes. Conditions for existence and stability of chattering limit cycles are derived.
Z(z) = -ul(ui)::i
is the last n -1 components of the final point with sign set by u1.
The map 2 is nonlinear, but consists of two linear parts parameterized by two scalars tsm and tsl. The smooth part is from xo to x1 and the sliding mode is from x1 t o x 2 , see Figure 2 . Let P1 denote the orthogonal projection from E"-' to IR"-', P2 the projection from IR" to Etnp1, and P3 the projection from Et" to IR"-2. Moreover, let el be the unit vector Consider E2 under relay feedback and assume that the poles of Cz are stable and that its zeros are unstable. We also assume that the sliding time is much longer than tbe period of the fast oscillations in the chattering variables (XI, xz) . Otherwise there will be no chattering, because the chattering stops when Ixs(t)l > 1 and this will then happen after asmall number of switches. Note that the sliding mode is slow, if the unstable roots of b(s) are close to the origin. Let us now translate some of the discussion on limit cycles with first-order sliding modes to chattering limit cycles. Every second-order sliding mode ends in a point with Ix3(to}l = 1. The smooth parts of the limit cycle always start at a point x = ( x ' ) ; =~, such as that the subvector ( (7) with F 1 replaced by F 2 and obvious changes of matrix dimensions. Note that the map 2 still consists of a smooth part and an exact (second-order) sliding mode part.
To prove stability of a chattering limit cycle, we need to confirm that the chattering is sufficiently close t o a second-order sliding mode. The analysis of chattering in the previous section showed that the chattering variable x 2 can be approximated to a high accuracy by an exponential function, whose gain depends on the smooth variable x3 as stated in Theorem 1. If this exponential function is decreasing, there is contraction in the chattering variable x 2 . The smooth state variables can then be approximated by the differential equations for the sliding mode. The accuracy is proportional t o the amplitude of x2. If the differential equations for the smooth state variables also give a contraction, then the two contractions give a Lyapunov function for the full system. Such a system has a stable limit cycle containing one smooth and one chattering part. If all roots of b ( s ) are sufficiently close to the origin, then there exists a symmetric stable limit cycle with chattering. The limit cycle is close to the trajectory O,tsm(zo) ] and the n -2 smooth variables of the limit cycle are close to Zsl(t,zO) for
REMARK 5 The assumptions that G(0) > 0 and that the zeros of G ( s ) are close t o the origin have the Convergence to a limit cycle with chattering for a fourth-order system was shown by simulations in [9] . Next it is proved formally by application of Theorem 4 and Lemma 1 that it is stable.
EXAMPLE 3
Consider the system in Example 1 again. The parameter = 0.2 gives zeros that are sufficiently close to the origin to give a limit cycle with chattering. Figure 3 shows the limit cycle in the subspace ( X I , X~, Q ) . The fast oscillations in the chattering mode are magnified in Figure 4 . Figure 5 shows the four state variables during the chattering mode. In agreement with the analysis above, the chattering mode starts a t x3(t) = -1, ends a t x3(t) = 1, and xq(t) is almost constant. Similar derivations as described in Example 2 give t, = 7.5 and t,l = 4.3, while simulations give a smooth time of 7.4 and and chattering time of4.2. The fixed point of 2 is zo = 0.54, which yields the stable Jacobian Wz = -0.0025. Hence, the chattering limit cycle is stable. U
Conclusions
Trajectories winding around a second-order sliding mode in relay feedback systems were described. Conditions for existence and stability of this chattering were derived. Limit cycles with chattering were also discussed and stability conditions for both limit cycles with first-order sliding modes and chattering were obtained. Chattering occurs in system with pole excess two. Many fast relay switches can occur in systems with pole excess two. They do, however, not occur in systems with higher pole excess. This can be understood intuitively, because a system whose first non-vanishing Markov parameter M is of order k behaves similar to M / s k . A double integrator gives a limit cycle with arbitrarily fast period, while higher order integrators are u.nstable under relay feedback, see [9] for further details. Simulation therein shows that for systems with pole excess three there exist limit cycles with only a few extra switches each period.
